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Abstract. There exists a constant value of H(z) at z = −1 when in ωCDM universe with ω > −1, which
is independent on other cosmological parameters. We first combine this theoretical H(z) value with the
latest 43 observational H(z) data (OHD) to perform the model-independent Gaussian Processes (GP) and
constrain the Hubble constant. We obtain H0=67.67±3.03 km s−1Mpc−1, which is in agreement with H0
values from Plank Collaboration (2015) (0.24σ tension) but a larger deviation from Riess et al. (2016)
(1.60σ tension), while H0=71.09 ±3.71 km s−1Mpc−1 (0.64σ tension) by only using latest 43 OHD. Using
this H0 value, we perform χ
2 statistics with Markov Chain Monte Carlo (MCMC) method to constrain
cosmological parameters. We obtain ΩM = 0.26 ± 0.02 and ω = −0.85 ± 0.06 in flat ωCDM model, and
ΩM = 0.27 ± 0.04, ΩΛ = 0.80 ± 0.12 and ω = −0.82 ± 0.07 in non-flat ωCDM model, which are larger
than those not using the theoretical H(z) value.
PACS. XX.XX.XX No PACS code given
1 Introduction
Hubble constant (H0) describes the expansion rate of the
universe today and plays a important role in the mod-
ern cosmology. In recent years, H0 tension problem oc-
curs that it shows a 3.4σ tension (nσ tension measures the
discrepancy of two values of Gaussian distribution, given
by n = |µ1 − µ2|/
√
σ21 + σ
2
2) between the local measure-
ment H0=73.24±1.74 km s−1Mpc−1 (Riess et al. 2016 [1])
from Type Ia supernovae (SNIa) and the global measure-
ment H0=66.93±0.62 km s−1Mpc−1 (Planck Collabora-
tion 2015 [2]) based on Cosmic Microwave Background
(CMB) from Planck satellite. Astrophysicists attempt to
explain the discrepancy but its astrophysics mechanism
still remains unclear now. Therefore, it needs to derive
H0 from alternative methods different from that above.
One of the simplest way to obtain the value of H0
is to use OHD. Busti et al. (2014) [3] proposed a non-
parametric method based on GP method and chose the
most proper covariance function to determine the corre-
lated points in the reconstructing processes. They used the
19 H(z) measurements by differential age (DA) method
and radial baryon acoustic oscillations (BAO) data to re-
construct the H(z) and extrapolate to redshift zero, ob-
taining H0=64.9±4.2 km s−1Mpc−1 [4].
In previous works, the dataset including OHD from
DA and BAO methods was used to extrapolate to ob-
tain H0. However, the error of H(z) is large and redshift
range is limited due to observation methods and technol-
ogy, therefore, the extrapolating to z = 0 depending on
unilateral data is not so reliable. In this letter, we for the
first time consider theoretical H(z) value in the infinite
future (at redshift z = −1, H(z) = 0 when equation of
state of dark energy ω > −1 ) as one point of OHD to
figure out its impact on H0 and other cosmological pa-
rameters. Due to this theoretical H(z) value without any
observational error, the reconstruction result of H0 can be
more accurate, and it can be constrained from both the
positive and negative redshift.
2 Methodology
The Hubble parameter describe the expansion rate of the
universe and is defined as H(t) ≡ a˙/a. Specifically, the
Hubble constant H0 describes the present (t = t0) or lo-
cal (z = z0) value of Hubble parameter. For the universe
of ωCDM model, the Friedmann equation can be writ-
ten as H(z) = H0E(z) and E
2(z) = ΩM (1+z)
3 +ΩR(1+
z)4+Ωk(1+z)
2+ΩΛ(1+z)
3(1+w), where ΩM , ΩR, Ωkand
ΩΛ are dimensionless cosmological density parameters of
matter, radiation, curvature and dark energy (DE), re-
spectively, at present epoch. In this letter, we regard ΩR
as a negligible, and conceptually, for a flat cosmological
model, Ωk = 0. The constant ω is the equation of state
of DE. For ω = −1, it reduces to a flat ΛCDM model,
while for the other cases of ω > −1, we can simply get
the H(z) = 0 when z = −1. In cosmology, the positive
redshift for observed sources represents the past time of
the universe while negative redshift means the sources lo-
cated in the future universe. Furthermore, according to
the equation 1/a(t) = 1 + z, from now to infinite future,
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Fig. 1. Hubble parameter H(z) as a function of redshift z for
different ωCDM cosmological models. It is shown that these
curves go through the circumscribed point (-1.0, 0) although
H(z) go toward positive infinity when z → −1 in some curves if
ω > −1, and the vertical dashed line represents the asymptote
at z = −1.
negative redshift z is getting smaller and smaller. Mean-
while, the scale factor a(t) is getting larger and larger.
Extremely, z = −1 means a(t)→∞ and a infinite future,
so the universe expands to the possible maximum and the
temperature T (z = −1)→ 0. Therefore, we get:
H(z = −1) =

∞ ω < −1 (ωCDM)
H0
√
ΩΛ ω = −1 (ΛCDM)
0 ω > −1 (ωCDM)
(1)
We can see from Fig. 1 that H(z) can be taken the
same theoretical value at z = −1. In this letter, we do
not discuss the case where ω ≤ −1 since theoretical H(z)
value at this point depends on the value of H0 and ΩΛ
(ΛCDM model) or H(z) is diverge to infinity.
Theoretically, redshift is derived from observational
spectrum of astrophysical source, z = (λ− λ0)/λ0, where
λ and λ0 represent the observed and emitted wavelengths,
respectively. Actually, spectrum with negative redshift is
not available at present because everything is receding
from observers on the earth on the cosmological scale.
That is to say, we can not derive electromagnetic spec-
trum from future universe at present. However, what we
can study is the impact of the theoretical value at future
universe [5], thus we can presume thatH(z) measurements
is available from observation at z = −1, then we utilize
this OHD H(z = −1) = 0 to constrain H0 by GP method.
One advantage of the theoretical H(z) in the infinite
future is its definiteness without any observational error
(σNE(z = −1) = 0) which can be also used to perform GP.
But if we use it to constrain other cosmological parame-
ters with MCMC method, we need to define a hypotheti-
cal observational error of H(z) value at z = −1. For this,
we assume there is a symmetry of observational error be-
Fig. 2. Error (σ) as a function of redshift (z) . The straight
line represents its linear fitting.
tween the past light (positive redshift) and the future light
(negative redshift). According to the existing OHD data
of DA method, for simplicity, we can assume that there
is a simple linear relationship between the measurement
error and the absolute value of the redshift, shown as Fig.
2, σ(z) = k|z|+b, then σLE(z = −1) = σ[H(−1)] can take
17.6177. Besides, we also take average error of exist H(z)
data (σAE(z = −1) = σ¯ = 16.7449) as comparison.
Latest H(z) data can be derived from both DA method
[6–13] and BAO method [14–22]. We add this theoretical
value of H(z) in the infinite future to the OHD dataset.
Gaussian Processes is a value-of-function reconstruct-
ing method that the reconstruction function F ∗{f(z∗1),
f(z∗2), . . . , f(z
∗
N )} for each reconstructed point Z{z∗1 , z∗2 ,
. . . , z∗N} is given by a Gaussian distribution. In the GP
method of reconstructing H(z∗), we know the observed
Y {H(z1), H(z2), . . . ,H(zN )} data at certain redshift, and
use their errors to calculate the covariance matrix, obtain-
ing the function value corresponding to the reconstructed
redshift. In this letter, we choose the square exponential
covariance function as the covariance matrix, which is
k(z, z∗) = σ2fexp{−
(z − z∗)2
2l2
}, (2)
where σ2f and l represent two hyper-parameters related to
changes in the function value, and reshift interval to let
function value change significantly.
In this letter, we use the public package GaPP (Gaus-
sian Processes in Python) firstly developed by Seikel et al
[23][24] to achieve the GP. We determine the maximum
likelihood value of two hyper-parameters σ2f and l and
then obtain the the reconstructed function results.
3 Results
We use all the latest OHD to perform GP, and the re-
construction results are shown in Fig. 3(a). We obtain
H0=71.09±3.71 km s−1Mpc−1 when extrapolating to the
H(z = 0), which is consistent with Type Ia supernovae
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Table 1. Tension of H0 between different methods.‘CMB’
refers to Planck Collaboration (2015) and ‘SNIa’ refers to Riess
et al. (2016). ‘OHD(43)’ refers to Gaussian Processes based on
43 OHD, ‘OHD(43+1)’ refers to Gaussian Processes based on
the dataset including the theoretical H(z) value in the infinite
future. ‘NE’, ‘AE’, and ‘LE’ refer to no error assumption, aver-
age error assumption and linear error assumption we adopt to
evaluate the error of the theoretical H(z) value in the infinite
future.
CMB SNIa OHD(43)
CMB 3.42σ 1.11σ
SNIa 3.42σ 0.52σ
OHD(43) 1.11σ 0.52σ
OHD(43+1 NE) 0.24σ 1.60σ 0.72σ
OHD(43+1 AE) 0.33σ 1.46σ 0.64σ
OHD(43+1 LE) 0.32σ 1.47σ 0.65σ
results (Riess et al 2016) within 1σ and has a 1.11σ dis-
crepancy with Planck Collaboration (2015) results. Fig.
3(b) show the reconstruction results including the theo-
retical H(z) value in the infinite future, H0=67.67±3.03
km s−1Mpc−1 that is very closed to results we take av-
erage error assumption (H0=67.95±3.15 km s−1Mpc−1)
and linear error assumption (H0=67.98±3.18 km s−1Mpc−1).
It shows a 0.24σ discrepancy with Planck Collaboration
(2015) results and a 1.60σ discrepancy with results from
Riess et al. (2016) (see Table 1).
When adding the theoretical H(z) value in the infi-
nite future to the OHD dataset, the H0 value from OHD
method becomes smaller, which shows a 0.64∼0.72 σ (¡
1 σ) tension with that from 43 OHD. According to the
GP restriction function adopting average or linear error
assumption, the H(z) is probably a positive value close
to zero and the 1σ confidence interval at z = −1 is much
more larger than that at z = 0. That is to say, though its
tinny impact of the theoretical H(z) in the infinite future,
it gives a smaller value of H0 remarkably and inconsistent
with the measurements from Planck Collaboration (2015)
and Riess et al. (2016). The comparison of these results
from OHD method and two observation results are shown
in Fig. 4.
Next, we use the H0 results obtained above to con-
strain the equation of state of DE in ωCDM model. We
assume a uniform distribution of ω as prior distribution,
then use MCMC sampling to compare the GP restruction
results with the standard parametric equation, and obtain
the cosmological parameters by χ2 statistics analysis [25].
For flat ωCDM model, the constraining results of ΩM and
ω are shown in Fig. 5, while for non-flat ωCDM model,
the constraining results of ΩM , ΩΛ and ω are shown in
Fig. 6.
In contrast, we also use observed H0 value from Riess
et al.(2016) and Planck Collaboration (2015) to repeat
these processes. The comparison of constraining results
are shown in Table 2 and Fig. 7.
Table 2 shows that the values of ΩM are less sensitive
to the changes of H0 than and ΩΛ and w. The uncertainty
of these parameters is larger in non-flat universe. In the
results of flat ωCDM model, the estimated value of ΩM
is about 0.24. However, the estimated value of ω changes
remarkably if the H0 alters. The constraining result of ω
is very close to -1.00 (see Fig. 5(a) and Fig. 6(a)), there-
fore, the constraining results support ΛCDM model. But
within the frame of ωCDM model, if the theoretical value
of Hubble parameter in the infinite future (z = −1) is con-
sidered, the value of which closely approximates the the-
oretical value 0, and the results of ω change to 0.82∼0.85
and have a deviation from ΛCDM model.
Besides, when we consider the theoretical H(z) value
in the infinite future, we find the H0 value and other cos-
mological parameters constraining results from flat uni-
verse is more close to the Planck Collaboration (2015)
results. There may be some cosmological relationship be-
tween the observation result from Planck satellite based
on CMB and infinite future because both of them are re-
lated to global universe.
Comparing the MCMC constraining results including
the theoretical H(z) value in the infinite future with oth-
ers, we find that the ΩM is about 0.26 with a certainty
about 0.02 in flat ωCDM model and ΩM is about 0.27
with a large certainty about 0.04 in non-flat ωCDM model.
In the meantime, a smaller ΩΛ about 0.85 is obtained,
which suggests a negative Ωk and a close universe. And
the ω is much more larger when considering infinite fu-
ture data than that using the H0 from other methods or
references.
4 Conclusions
We consider the impact of the theoretical H(z) value in
the infinite future, presents a model-independent restruc-
tion of H(z) and obtain a smaller value of Hubble constant
than that without considering H(z = −1). The H0 value
is in consistent with Planck Collaboration (2015) result
(0.33σ tension) and in great agreement with latest Planck
Collaboration(2018) result (H0 = 67.4±0.5 km s−1Mpc−1,
0.09σ [26]), but a larger deviation from Riess et al. (2016)
(1.60σ tension). It relieve the Hubble tension to some ex-
tent, but not solve the the problem physically. We also
constrain the other cosmological parameters in both flat
and non-flat ωCDM model, obtaining ΩM = 0.26± 0.02,
ω = −0.85± 0.06 in flat ωCDM model and ΩM = 0.27±
0.04, ΩΛ = 0.80 ± 0.12, ω = −0.82 ± 0.07 in non-flat
ωCDM model.
We compare our H0 result with previous works. Our
H0 result is very close to that of Macaulay et al. (2018)[27],
who used the inverse distance ladder method with 207
Type Ia supernovae and obtainedH0 = 67.77±1.30 km s−1
Mpc−1. And it is also in agreement with the result of
Shanks et al.(2018)[28], who used Gaia Cepheid parallaxes
and Local Hole and obtainedH0 = 68.9±1.6 km s−1Mpc−1.
Both of them got a H0 value a bit more than Planck Col-
laboration(2015). However, Feeney et al. (2017)[29] devel-
oped a Bayesian hierarchical model (BHM) that describes
the full distance ladder andH0 = 72.72±1.67 km s−1Mpc−1.
Birrer et al. (2019)[30] presented a blind time-delay strong
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(a) (b)
(c) (d)
Fig. 3. GP reconstruction results of H(z). (a) shows results using 43 H(z) OHD. (b) (c) (d) show results of H(z) using 43 H(z)
OHD and the theoretical H(z) in the infinite future, no error assumption, average error assumption and linear error assumption
are adopted, respectively. The mean value of reconstructed H(z) value are shown by a curve, with the 68.27%(1σ) confidence
level shown in shaded region.
Table 2. Constraining results of ΩM and ω in flat ωCDM model (column 2&3) and and ΩM , ΩΛ and ω in non-flat ωCDM
model (column 4-6) . The meanings of the seventh column are the same as Table 1. MCMC and χ2 statistics is meaningless for
no error assumption to the theoretical H(z) value at z = −1.
H0 /km s
−1 Mpc−1 ΩM ω ΩM ΩΛ ω Ref. of H0
66.93±0.62 0.27±0.02 -0.83±0.08 0.26±0.05 0.74±0.15 -0.82±0.10 CMB
73.24±1.74 0.22±0.01 -0.97±0.03 0.28±0.03 0.91±0.06 -0.94±0.04 SNIa
71.09±3.71 0.24±0.01 -0.95±0.04 0.28±0.03 0.86±0.09 -0.91±0.06 OHD(43)
67.67±3.03 – – – – – OHD(43+1 NE)
67.95±3.15 0.26±0.02 -0.84±0.06 0.27±0.04 0.79±0.12 -0.82±0.07 OHD(43+1 AE)
67.98±3.16 0.26±0.02 -0.85±0.06 0.27±0.04 0.80±0.12 -0.82±0.07 OHD(43+1 LE)
lensing (TDSL) cosmographic analysis of the doubly im-
aged quasar SDSS 1206+4332 and obtained H0 = 72.5
+2.1
−2.3
km s−1Mpc−1, which was independent of the distance lad-
der and other cosmological probes. Both of their results
shows a large tension with our result and they are in agree-
ment with Riess et al. (2016). It seems that the tension
can be relieved thanks to more improved method but it
still shows a division into two opposing extremes.
Admittedly, though our work is using a hypothetical
observed quantity based on strict cosmological theory, the
H(z) value from negative redshift or future universe is
still unavailable in astronomical observation. To make it
available and meaningful in observation, probably we can
re-understand the time relativity of cosmological redshift,
and use new ideas to solve the tension problem.
On the one hand, it is believed that the theory of cos-
mic expansion is more and more conductive to guiding as-
tronomical observation. On the other hand, more precise
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Fig. 4. The mean value and error of H0 obtained from different
references or methods. The meaning of x-axis labels is the same
as that in Table 1.
(a)
(b)
Fig. 5. Constraining region of ΩM and ω in flat ωCDM model
using H0 result from OHD. (a) only uses the H0 value de-
rived from 43 OHD while (b) considers the theoretical H(z) in
the infinite future. The shadow regions from inside to outside
represent the constraining values in 68.27%(1σ), 95.45%(2σ)
confidence level.
(a)
(b)
Fig. 6. Constraining region in non-flat ωCDM model. Same
as Fig. 5, but we constrain ΩM , ΩΛ and ω in non-flat model.
observation and improved data processing methods are
expected to bring more precise Hubble constant values.
If the Hubble constant tension is still unsolved, there are
probably some new astrophysical mechanisms for under-
standing of the theory of cosmic expansion. Additionally,
finding out a method to obtain the observational data at
the negative redshift in the universe is a prospective chal-
lenge, which may lead to a revolutionary change in modern
observational cosmology.
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